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5.7 -Trigl_c ln’fegra‘s
Sinﬂle v

Double v/
Trli)le * Next up.

let f be dejined ona rea‘angular box :
- {(x,lj,z) |agxsgh, chSd, r<z<s }
Divide B into sub-boxes bﬂ dnwdmﬂ
[a,b) into | equa| subinfervals ~ [ %;, Xiu ] f Iens’rh Ax,

[C d] n " ) 1) [1]_ ‘j]*-‘} » ] A .
[rs] ”» n ° "’ (2. 21) " 7 |

* So we divide the rec}anﬁu\ar box B info Lmn subboxes :
BlJI( = [xl'.-l )xL-J X [ﬂ]‘l ;ﬂ]] X [qu :ZK]

and eac\\of these boxes has volume AV =AxA3Az .

/

Then we form the iriple Riemarn sum

ii i( l]K)

1=|JIKI

!

2> ) AV

th 2 th

where
(= ,ﬁf 2, ) i a sample pount in
B

-
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Bjj ana\oﬂﬂ w/ definih’on oj a double mlejral We deﬁne the 1riple mieﬂm\

n

J” jlxy,2)dV = lim L Zif(xl Ypo2k) AV

L,m,n >0 1=1J1 K=4
&

RmK  Rather than an arbiharj sample Point L We Pick the Poin{ (Xi:ﬂI)Zg) .

Jugt as for double m\eSm\S , the Prachca\ method jor evaluah ing triple m*eara\s

Is 1o express them as erated miearals as fo\\ows

Fubin’s Theorem jor Trip\e ln*egrals

|j j is conlinuous on the mc{anﬂubr box B = [a,b] X [C»d]X[T,SJJ then
d
j” Jloy2) v - J

Ex  Evaluake Jﬂ(xz —f )dV , where R is the redangular box gen bj
R
R={(x,j,2)| -1¢x¢] ,osjsz 0¢z<] }

o

jlx,tj,z)dxo\j dz

-\‘%m
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Now we want 1o dejine the lee m*eﬂral over a aenera\ reﬂl'on E in three dim'l space
(a solid) bﬂ the same Procedure as double m}ejmls.

* Enclose E inlo a box rec*anjular box and defme

\:(x,ﬂ>z) = {f('Xylj,Z) ) (x)g)z)e £
0 ) (XH)Z)G B-E

and dejine j” f(x,ﬁ,z\ dv - EH F(x,ﬂ,z) dV
E 8

o The lnleﬂra\ exisls ij s continous and boundarj oj Eis "reasonab\j smooth

Tagg 1.d and 3 regl'ons

* A solid roﬂn'on E s said fo be ije 1 if it les belween the ﬂrap\\s of two conhnuous
functions oi x and j , that s,

E - {(x,ﬂﬂ.) | (X,H)E D, h,(x,j)sz < h,(X»g)} , where D is the Prci]ecﬁon oj E onfo the xa-
plan .

/ Then lf Esa HPe 1 reSion

2 h{x.4) x : U*&ji) |
/\ Jlj’ flay2) dV U [ h&:ﬂ() y 2) JZJ dA
D freat x and y as

a constanl and m\eﬂ te
with resPect fo z.
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Now we have reduced this 1o a double mieﬂro\.
Nowif D is a 'ﬂPe region onfo the oinj-Plane 5 a 'lﬂf’e I reﬁl'on . then

E- {(X,S,Z) |ag x¢b, an(ﬂ 53 < 31(70, }\n(""}j) $2¢ hz("'ﬂ)}
and then we qet
b 9:(x) “ahvs)

jis ) dv =j K I fly) Azdj dx

a 3.()() h.h,ﬂ)

“ |f D is a Type I reqion, then
E - {lxy.2) ?c ‘j“‘ , 3.(3)sx$3,l3),h.(w,5) $¢2¢ h;(“»ﬁ)}
and then we jet

d a9 hylxy)

jg ﬂx,ﬂ,z) dV - j 3‘43) J;h)a)f(* Y2) dz dx o\J

Ex JHxﬂ dV where E is the sold Jelrahedron bounded Izﬂ the jour p\anes x=0,3=0, z:0
E and x+y+2 = i.

Saln

Now, we want 1o set up a *riple mleﬂra\,
jird draw the solid reﬂion E (we
are m\egra\inﬂ over) and also it’s PmJech'on

(0.0,)
z-= \—x'j
onto the xB-P\ane (provuded Eis ije ireﬂfon).

* Now we see that hy(%4) =0 and hl(x,5)=l-x-j.

* S0 we need 1o fnﬂure out what the Pr(:]eclion onto the xﬂ-P\am Is .
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e

E- {(x,ﬁ,z) losx¢d, 0¢y¢ |-x, 0¢2 ¢ 1-x-y ]

L-xlxy 11-x 1-x-4 11
Then, “[xaidV=J J Xy dzdjdx =H[X31] dy dx =XKX Xil.l -X32 o\j dx
3 00 o 0 0 00

; l-x
=H'xn_x“_xg] J[' ) x _ 2 -xll x))a\x

l _
=j-li+ﬁ-2‘_2.+x_o\x = :i+.’$“_-7(_3+2(—2— = —j—'—.

" 6 2 2 6 3 8 [ d , 120

A sdid real'on E s oj ’rHPe 2 if i isof the form E- {(*»ﬂﬁ) |(3,2\€D, wly,2) €x< U,1y;2) }

/
y=ulx,2)
| Lo
x U.(jZ) /
x=U,(y2)

A sdid region Eis of 1 % if s of the form E - {( 42 | (x,2eD, u(%,2)¢y¢ ul(x,z)}
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Ex Evaludle J” xdV where £ is bounded lffj the parabolod x - 4311“112 and the plane %= 4.
E

/ The solid € is drawn and we can rejard it as a Bpe 2
solid .

Then we see that i’ PrOJech'on onlo the y2 - plane
is the disc 31”2 <],

“\m{ore,
4
m x dV ” [ J m] A - 1“ £ -1y 4" A
a
E D 4 D
The us'mj Polar coordinates we obtain
nd m | {
. s”u-r‘)rarae i steJr-rsar - on [ﬁ-ﬁ] . kn
> 3 ;] 2 6 ] 3

Remork mid\l - V(E).
t
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Densnhj Funchon and Moments

If the densﬂﬂ funchion of a solid obJed ot occupies the region Eis £xy,2) (mass per
unit volume ) o any qen Pomf (x,4:2), then its moss 15

m =J” f(x,tj,z) dVv

E
ond s moment about the three cootdinate planes are

M3! - I”x?(x,a,z) A sz - I{[ﬂf(x,ﬂ,z) dv , ij - H[z?(x,ﬂ,z) aVv

t 3

d ' is located XUz) ,where X - Miz =M ,Z. May
and s cen\erofrmss is located ot (xg ) ,where % 4"‘1 [ 'Fﬂ'
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5.8 Triple |n¥eﬂra|s in Cglma‘n‘ca\ (oordinales

leidrical coordinateg

A pont P in three dimensional space g represenjfed bﬂ an ordered triple (r,6,2)
where  (r,0) are the Po\ar coordinates of the ijedion of point P onto the xﬂ-Plane

and 7 15 the same as usval 2 -coordinate .

ﬂ P(r,0,2)
i RemarK
z
e& The Cj\lndflCO\ cordinate SBS‘em i5 an exlension
| ﬁ\ 0} Po\ar coordinotes to  three dimensions .
1K)

1§ we hove the Cﬂhndrico\ cwordinates | the rec‘rangu\ar coordinates con be Jound using
the follow'mj equmlions:

x = rcos O , y =rsinQ, z-2

Likewice lf we have reclanjular coordinales , we can jmal cﬂlmo\rica\ coordinales . via

r1=x2+31, tnb .4 ,2=2
X

Exomple Plot the Pom{ (3,-%2,3) , then fmd the reclanﬂular coordinales of the Pofnf .

(il.";_‘ ,3)

x=3coS(-1) =0 z-3

2

Y- Qsm(-%) =-2

So rec’ranjular coordinates  (0,-3,3).
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Ex Find the cjlmdrical cwordinates of the o w/ rec’fanjular coordinale  (3,-1, 5)

r=@ra(-a? - alz

ong . -2 .- =8-Tn, dm z-3
J 4

* One sel of cjlmdrica\ coordinate is (312, 7n/4,5) but there are 'mfmi’reln, many choices

Ex  Describe the surfaces whose equah’on in c\n,lmdn’cal aordinales s

a) In iwo dimensions , r=4 rePresenis a circle of radus 4 .
Since there is no regiriction on 2 | this means that 2 can vary ‘fm‘ﬂ'

In Parh’cular, for any va\ueoj z ,we have a arcle oj radius 5 centered of the z-axis,

In other words , we jd a cﬂ\mder
of rodius S cenfered on the z-axis .

Thig is the reason behind the name
— cﬂlmdrical coordinales .

/

RemarK (j\mdn'cal wordinates are used when the problem You are woerg on
involves Sjmme’fg obout an axis  ( The cj\mo\er above is sHmme}n'c about
the 2 -axis.
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b) 2z -r
2=t =ty

We Know that the 3ra|>h of 22=X2+32 15 a oone .

The honzontal trace m the plane 2 = a is
a circle oj radius |al .
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Ex  Find the mass and the cenler of mass o{ the solid 5 bounded 5 the paraboloid 2 <4244 32
and the Plane z=4 xf S has constant densi’rj K.

Ans
Note that the Pamboloio\ z = 4x4 32 intersects the plane
<4 when 4 = 49(’+432 or x4+ 3’=1
Theretore in Cﬂlmdrfca\ coordinates
E- {(r,e,z)l 0¢red, 0¢0¢dn, 4rtcz<d }
S m 4 an an
r=4
Then, m=[ f Krdr dz 40 = K[ jur-qrmrae ] Kj[afl-ﬁ] d0 =|<Jde - K.
0 o 4 o 0 0 r=0 0

* Nole that both the dens)lj junch'on and the mjbn E are gjmme*rl'c about the z-axis,

Maz =0, sz =0-
an i nli 4 mt
ijs [ I JzKrdzdrdO = K [ ]r[%{] rdé - K} I 8r-8r° drd
0o 0 4 00 L 00
an 1
=KJ[4r’—ir‘] _ank.8 . lbnk
3 1, 3 3
0
Fma“ﬂ,
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